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FALTINGS’ LOCAL-GLOBAL PRINCIPLE FOR THE IN DIMENSION
< n OF LOCAL COHOMOLOGY MODULES
REZA NAGHIPOUR∗, ROBABEH MADDAHALI AND KHADIJEH AHMADI AMOLI
DEDICATED TO PROFESSOR PETER SCHENZEL
Abstract. The concept of Faltings’ local-global principle for the in dimension < n of
local cohomology modules over a Noetherian ring R is introduced, and it is shown that
this principle holds at levels 1, 2. We also establish the same principle at all levels over an
arbitrary Noetherian ring of dimension not exceeding 3. These generalize the main results
of Brodmann et al. in [8]. Moreover, as a generalization of Raghavan’s result, we show
that the Faltings’ local-global principle for the in dimension < n of local cohomology
modules holds at all levels r ∈ N whenever the ring R is a homomorphic image of a
Noetherian Gorenstein ring. Finally, it is shown that if M is a finitely generated R-
module, a an ideal of R and r a non-negative integer such that atHia(M) is in dimension
< 2 for all i < r and for some positive integer t, then for any minimax submodule N of
Hra(M), the R-module HomR(R/a, H
r
a(M)/N) is finitely generated. As a consequence,
it follows that the associated primes of Hra(M)/N are finite. This generalizes the main
results of Brodmann-Lashgari [7] and Quy [24].
1. Introduction
Let R denote a commutative Noetherian ring (with non-zero identity) and a an ideal
of R. For an R-module M , the ith local cohomology module of M with support in V (a)
is defined as:
H ia(M) = lim−→
n≥1
ExtiR(R/a
n,M).
Local cohomology was defined and studied by Grothendieck. We refer the reader to [9] or
[16] for more details about local cohomology. An important theorem in local cohomology
is Faltings’ local-global principle for the finiteness dimension of local cohomology modules
[14, Satz 1], which states that for a positive integer r, the Rp-module H
i
aRp
(Mp) is finitely
generated for all i ≤ r and for all p ∈ Spec(R) if and only if the R-module H ia(M) is
finitely generated for all i ≤ r.
Key words and phrases. Associated primes, cofinite module, Gorenstein ring, in dimension< nmodule,
local cohomology, local-global principle, minimax module, Noetherian module.
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Another formulation of Faltings’ local-global principle, particularly relevant for this paper,
is in terms of the generalization of the finiteness dimension fa(M) ofM relative to a, where
fa(M) := inf{i ∈ N0 | H
i
a(M) is not finitely generated}; (†)
with the usual convention that the infimum of the empty set of integers is interpreted as
∞. For any non-negative integer n, the nth finiteness dimension fna (M) of M relative to
a is defined by
fna (M) := inf{faRp(Mp) | p ∈ Supp(M/aM) and dimR/p ≥ n}.
Note that fna (M) is either a positive integer or ∞ and that f
0
a (M) = fa(M). The nth
finiteness dimension fna (M) of M relative to a has been introduced by Bahmanpour et
al. in [4].
Recall that the b-finiteness dimension of M relative to a is defined by
f ba (M) := inf{i ∈ N0 | b 6⊆ Rad(0 :R H
i
a(M))}
= inf{i ∈ N0 | b
nH ia(M) 6= 0 for all n ∈ N},
where b is a second ideal of R.
Brodmann et al. in [8] defined and studied the concept of the local-global principle
for annihilation of local cohomology modules at level r ∈ N for the ideals a and b of R.
We say that the local-global principle for the annihilation of local cohomology modules
holds at level r if for every choice of ideals a, b of R and every choice of finitely generated
R-module M , it is the case that
f
bRp
aRp
(Mp) > r for all p ∈ Spec(R)⇐⇒ f
b
a (M) > r.
It is shown in [8] that the local-global principle for the annihilation of local cohomology
modules holds at levels 1, 2, over an arbitrary commutative Noetherian ring R and at all
levels whenever dimR ≤ 4.
For a non-negative integer n we say thatM is in dimension < n, if dim Supp(M/N) < n
for some finitely generated submoduleN ofM . In [2], Asdollahi and Naghipour introduced
the notion hna (M) as follows:
hna (M) = inf{i ∈ N0 : H
i
a(M) is not in dimension < n}.
This motivates to introduce the notion of hba(M)
n by
hba(M)
n
:= inf{i ∈ N0 : b
tH ia(M) is not in dimension < n for all t ∈ N}.
Note that, hba(M)
n is either a non-negative integer or∞, and ifM is a finitely generated
R-module then haa(M)
n = hna (M) and that h
b
a(M)
0
= f ba (M).
We say that the local-global principle for the in dimension < n of local cohomology
modules holds at level r ∈ N if for every choice of ideals a, b of R with b ⊆ a and every
choice of finitely generated R-module M , it is the case that
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Our main result in Section 2 is to introduce the concept of Faltings’ local-global principle
for the in dimension < n of local cohomology modules over a commutative Noetherian
ring R, and we show that this principle holds at levels 1, 2. We also establish the same
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principle at all levels over an arbitrary commutative Noetherian ring of dimension not
exceeding 3. Our tools for proving the main result in Section 2 is the following:
Theorem 1.1. Suppose that R is a Noetherian ring and let a, b be two ideals of R such
that b ⊆ a. Assume that M is a finitely generated R-module and let r be a positive integer
such that the local cohomology modules H0a (M), . . . , H
r−1
a (M) are a-cofinite. Then
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Pursuing this point of view further we establish the following consequence of Theorem
1.1 which is an extension of the results of Brodmann et al. in [8, Corollary 2.3] and
Raghavan in [25] for an arbitrary Noetherian ring.
Corollary 1.2. Let R be a Noetherian ring, M a finitely generated R-module and, a, b two
ideals of R such that b ⊆ a and aM 6= M . Set r ∈ {1, gradeM a, fa(M), f
1
a (M), f
2
a (M)}.
Then
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Moreover in this section, we explore an interrelation between this principle and the
Faltings’ local-global principle for the annihilation of local cohomology modules, and show
that the local-global principle for the annihilation of local cohomology modules holds at
levels 1, 2 over R and at all levels whenever dimR ≤ 3. These generalize and reprove the
main results of Brodmann et al. in [8].
In [25], Raghavan deduced from the Faltings’ Theorem for the annihilation of local
cohomology modules [15] that if R is a homomorphic image of a Noetherian regular ring,
then the local-global principle holds at all levels r ∈ N. In Section 3, as a generalization
of the Raghavan’s result, we show that the Faltings’ local-global principle for the in
dimension < n of local cohomology modules holds at all levels r ∈ N, whenever the ring
R is a homomorphic image of a Noetherian Gorenstein ring. More precisely we shall prove
the following:
Theorem 1.3. Suppose that R is a Noetherian ring which is a homomorphic image of
a Gorenstein ring. Then the local-global principle (for the in dimension < n of local
cohomology modules) holds at all levels r ∈ N.
The result in Theorem 1.3 is proved in Theorem 3.1. Our method is based on the notion
of the nth b-minimum a-adjusted depth of M (see [12])
λba(M)n := inf{λ
bRp
aRp
(Mp)| dimR/p ≥ n},
where λba(M) := inf{depthMp + ht(a + p/p) | p ∈ Spec(R) \ V (b)} is the b-minimum
a-adjusted depth of M , (see [9, Definition 9.2.2]).
Also, in this section we show that if M is a finitely generated R-module and a, b are
ideals of R with b ⊆ a, then for any non-negative integer n,
hba(M)
n ≥ depth(b,M)⇐⇒ hna (M) ≥ depth(b,M).
Finally, in Section 3 we prove some finiteness results about the associated primes of local
cohomology modules. In fact, we will generalize the main results of Brodmann-Lashgari
[7] and Quy [24].
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Theorem 1.4. Let R be a Noetherian ring, M a finitely generated R-module and a an
ideal of R. Let r be a non-negative integer such that atH iI(M) is in dimension < 2 for all
i < r and for some t ∈ N0. Then, for any minimax submodule N of H
r
a (M), the R-module
HomR(R/a, H
r
a (M)/N) is finitely generated. In particular, the set AssR(H
r
a (M)/N) is
finite.
Throughout this paper, R will always be a commutative Noetherian ring with non-
zero identity and a will be an ideal of R. Recall that an R-module L is called a-cofinite
if Supp(L) ⊆ V (a) and ExtjR(R/a, L) is finitely generated for all j ≥ 0. The concept
of a-cofinite modules were introduced by Hartshorne [17]. An R-module L is said to
be minimax, if there exists a finitely generated submodule N of L, such that L/N is
Artinian. The class of minimax modules was introduced by H. Zo¨schinger [27] and he has
given in [27, 28] many equivalent conditions for a module to be minimax. We shall use
Max(R) to denote the set of all maximal ideals of R. Also, for any ideal a of R, we denote
{p ∈ Spec(R) : p ⊇ a} by V (a). Finally, for any ideal b of R, the radical of b, denoted by
Rad(b), is defined to be the set {x ∈ R : xn ∈ b for some n ∈ N}. For any unexplained
notation and terminology we refer the reader to [9] and [20].
2. Local-global principle and annihilation of local cohomology modules
In this section we investigate the concept of Faltings’ local-global principle for the in
dimension < n of local cohomology modules over a commutative Noetherian ring R. To
this end we begin by the definitions of the in dimension < n modules and the b-dimension
< n of a module relative to an ideal a of R. Then we show the local-global principle for
the annihilation of local cohomology modules holds at level 1, 2 over R and at all levels
whenever dimR ≤ 3. These extend the main results of Brodmann et al. in [8].
Definition 2.1. Let R be a Noetherian ring and M an R-module. For a non-negative
integer n we say that M is in dimension < n, if dim Supp(M/N) < n for some finitely
generated submodule N of M .
Definition 2.2. Let R be a Noetherian ring and M an R-module. Let a, b be two ideals
of R. For a non-negative integer n, we define the in b-dimension < n of M relative to a,
denoted by hba(M)
n, by
hba(M)
n
:= inf{i ∈ N0 : b
tH ia(M) is not in dimension < n for all t ∈ N}.
Note that, hba(M)
n is either a non-negative integer or ∞, and if M is a finitely generated
R-module in view of [21, Definition 2.4], [18, Theorem 2.2] and Proposition 2.4 that
haa(M)
n = hna (M), and that h
b
a(M)
0
= f ba (M).
The following lemma is needed in the proof of Proposition 2.4.
Lemma 2.3. Let R be a Noetherian ring, a an ideal of R, and M an arbitrary R-module.
Then aM is in dimension < n if and only if M/(0 :M a) is in dimension < n, where n is
a non-negative integer.
Proof. Let a = (a1, . . . , at). Suppose first that aM is in dimension < n. Then f : M −→
(aM)t defined by f(x) = (a1x, . . . , atx) is an R-epimorphism and Ker(f) = (0 :M a).
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Therefore, in view of [21, Corollary 2.14], M/(0 :M a) is in dimension < n. Conversely, if
M/(0 :M a) is in dimension < n and g : M
t −→ aM be the R-epimorphism for which
g(x1, . . . , xt) =
∑t
i=1 aixi, for all (x1, . . . , xt) ∈M
t,
then g induces an R-epimorphism g∗ : (M/(0 :M a))
t −→ aM for which
g∗((x1, . . . , xt) + (0 :M a)
t) = g(x1, . . . , xt), for all (x1, . . . , xt) ∈M
t.
Now, it follows from [21, Proposition 2.12 and Corollary 2.14] that aM is in dimension
< n. 
The following proposition, which is a generalization of [9, Lemma 9.1.2], states that the
R-modules H0a (M),. . . , H
s−1
a (M) are in dimension < n if and only if there is an integer
t ∈ N such that the R-modules atH0a (M),. . . , a
tHs−1a (M) are in dimension < n.
Proposition 2.4. Let R be a Noetherian ring and a an ideal of R. Let s and n be two
non-negative integers. Let M be an arbitrary R-module such that Exts−1R (R/a,M) is in
dimension < n. Then the following statements are equivalent:
(i) H ia(M) is in dimension < n for all i < s;
(ii) There exists an integer t ≥ 1 such that atH ia(M) is in dimension < n for all i < s.
Proof. The implication (i) =⇒ (ii) is obviously true by [21, Proposition 2.12]. In order to
show (ii) =⇒ (i), we proceed by induction on s. If s = 1, then for some integere t ≥ 1,
atH0a (M) is in dimension < n. Moreover, in view of the assumption, HomR(R/a,M) is in
dimension < n. Now, since
HomR(R/a, H
0
a (M))
∼= HomR(R/a,M),
it follows that the R-module (0 :H0a (M) a) is in dimension < n. Therefore, it yields from
Lemma 2.3 and [21, Propositions 2.12 and 2.17] that H0a (M) is in dimension < n. Suppose
that s > 1, and the case s− 1 is settled. By inductive hypothesis the R-module H ia(M) is
in dimension < n for all i < s−1, and so it is enough to show that the R-module Hs−1a (M)
is in dimension < n. For this purpose, as there is an integer t ≥ 1 such that atHs−1a (M)
is in dimension < n, it follows from Lemma 2.3 that R-module Hs−1a (M)/(0 :Hs−1a (M) a
t)
is in dimension < n. On the other hand, by virtue of [21, Corollary 2.16], the R-module
ExtjR(R/a, H
i
a(M)) is in dimension < n for all i < s− 1 and all j ≥ 0. Hence, it follows
from [3, Theorem 2.2] that Hom(R/a, Hs−1a (M)) is in dimension < n, and so in view
of [21, Proposition 2.17], Hom(R/at, Hs−1a (M)) is also in dimension < n. Consequently,
it follows from Lemma 2.3 and [21, Corollary 2.13] that the R-module Hs−1a (M) is in
dimension < n, as required. 
Before we shall state the next result, we have to recall the notion of the b-minimaxness
dimension µba(M) of M relative to a which is defined by
µba(M) = inf{i ∈ N : b
tH ia(M) is not minimax for all t ∈ N}.
Here M denotes a finitely generated module over a Noetherian ring R, and a, b denote
two ideals of R such that b ⊆ a (see [13, Definition 2.4]). Also, for any non-negative
6 R. NAGHIPOUR, R. MADDAHALI AND KH. AHMADI AMOLI
integer n, Asadollahi and Naghipour in [1] defined the upper nth b-finiteness dimension
f ba (M)
n of M relative to a by
f ba (M)
n := inf{f
bRp
aRp
(Mp) | p ∈ Spec(R), dimR/p ≥ n}.
Theorem 2.5. Assume that R is a Noetherian ring and let b ⊆ a be two ideals of R.
Suppose that M is a finitely generated R-module, and let n be a non-negative integer such
that the local cohomology modules
H0a (M), . . . , H
t−1
a (M)
are b-cofinite, where t = hba(M)
n
. Then f ba (M)
n
= t. Moreover,
f ba (M)
1
= hba(M)
1
= µba(M).
Proof. Since the local cohomology modules H0a (M), . . . , H
t−1
a (M) are b-cofinite and b ⊆ a,
it follows from [19, Lemma 4.2] that H0a (M), . . . , H
t−1
a (M) are a-cofinite. Hence in view
of [3, Theorem 2.2] the R-module HomR(R/a, H
t
a(M)) is finitely generated, and so the
set AssRH
t
a(M) is finite. Therefore in view of [1, Proposition 2.2 and Theorem 2.10], we
have f ba (M)
n
= hba(M)
n
.
Now, we show that hba(M)
1
= µba(M). To do this, let i be an arbitrary non-negative
integer such that i < µba(M). Then there is a non-negative integer t such that b
tH ia(M) is
minimax. Hence btH ia(M) is in dimension < 1, and so h
b
a(M)
1 ≥ µba(M). To get the equal-
ity, let j be an arbitrary non-negative integer such that j < hba(M)
1. Then there exists a
non-negative integer t such that btHja(M) is in dimension < 1. Therefore, in view of [1,
Proposition 3.9], there exists a non-negative integer s such that dimSupp(bsHja(M)) < 1,
and so Supp(bsHja(M)) ⊆ Max(R). Hence, as HomR(R/a, b
sHja(M)) is finitely generated,
it follows that HomR(R/a, b
sHja(M)) is Artinian. Since b
sHja(M) is a-torsion, it yields
from Melkersson’s result [22, Theorem 1.3] that bsHja(M) is Artinian. Hence b
sHja(M) is
minimax, and so µba(M) ≥ h
b
a(M)
1. This completes the proof of theorem. 
We recall that an R-module L is called skinny or weakly Laskerian, if each of its homo-
morphic images has only finitely many associated primes (cf. [26] and [11]).
Corollary 2.6. Suppose that R is a Noetherian ring and let b ⊆ a be two ideals of R.
Assume that M is a finitely generated R-module and let n be a non-negative integer such
that the local cohomology modules
H0a (M), . . . , H
t−1
a (M)
are weakly Laskerian, where t = hba(M)
n
. Then f ba (M)
n
= t. Moreover,
f ba (M)
1
= hba(M)
1
= µba(M).
Proof. The assertion follows from [6, Proposition 2.7] and the proof of Theorem 2.5. 
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Corollary 2.7. Let R be a Noetherian ring and let b ⊆ a be two ideals of R. Let
M be a finitely generated R-module and let n be a non-negative integer such that
dimSupp(H ia(M)) 6 1 for all i < h
b
a(M)
n
. Then f ba (M)
n
= hba(M)
n
. Moreover,
f ba (M)
1
= hba(M)
1
= µba(M).
Proof. The assertion follows from [4, Corollary 3.4] and the proof of Theorem 2.5. 
Corollary 2.8. Let R be a Noetherian ring and let b ⊆ a be two ideals of R. Let M be a
finitely generated R-module and let n be a non-negative integer such that Supp(H ia(M)) ⊆
Max(R) for all i < hba(M)
n
. Then f ba (M)
n
= hba(M)
n
. Moreover,
f ba (M)
1
= hba(M)
1
= µba(M).
Proof. The assertion follows from Corollary 2.7. 
Corollary 2.9. Let R be a Noetherian ring, M a finitely generated R-module and a an
ideal of R with dimM/aM ≤ 1. Let b be a second ideal of R such that b ⊆ a. Then, for
every non-negative integer n, we have f ba (M)
n
= hba(M)
n
. Moreover,
f ba (M)
1
= hba(M)
1
= µba(M).
Proof. The assertion follows from Corollary 2.7 and the fact that, for all i ≥ 0,
Supp(H ia(M)) ⊆ Supp(M/aM). 
Corollary 2.10. Let R be a Noetherian ring, a an ideal of R, and M a finitely generated
R-module such that dimM ≤ 2. Let b be a second ideal of R such that b ⊆ a. Then, for
any non-negative integer n, we have f ba (M)
n
= hba(M)
n
. Moreover,
f ba (M)
1
= hba(M)
1
= µba(M).
Proof. The assertion follows from [10, Corollary 5.2] and the proof of Theorem 2.5. 
Definition 2.11. Let R be a commutative Noetherian ring and let r be a positive integer.
For any non-negative integer n, we say that the Faltings’ local-global principle for the in
dimension < n of local cohomology modules holds at level r (over the ring R) if, for every
choice of ideals a, b of R and for every choice of finitely generated R-module M , it is the
case that
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
The following theorem plays a key role in the proof of the main result of this section.
Theorem 2.12. Suppose that R is a Noetherian ring and let a, b be two ideals of R such
that b ⊆ a. Assume that M is a finitely generated R-module and let r be a positive integer
such that the local cohomology modules H0a (M), . . . , H
r−1
a (M) are b-cofinite. Then for any
non-negative integer n,
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
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Proof. Let h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R) and let i be an arbitrary non-negative
integer such that i 6 r. It is sufficient for us to show that there is a non-negative integer
t0 such that b
t0H ia(M) is in dimension < n. To do this, as H
0
a (M), . . . , H
r−1
a (M) are
b-cofinite and b ⊆ a, it follows from [19, Lemma 4.2] that H0a (M), . . . , H
r−1
a (M) are also
a-cofinite, and so in view of [3, Theorem 2.2], the R-module HomR(R/a, H
i
a(M)) is finitely
generated for all i = 0, 1, . . . , r. Hence the set AssR(b
tH ia(M)) is finite, for all t ∈ N0.
Thus for all t ∈ N0, the set Supp(b
tH ia(M)) is a closed subset of Spec(R) (in the Zariski
topology), and so the descending chain
· · · ⊇ Supp(btH ia(M)) ⊇ Supp(b
t+1H ia(M)) ⊇ . . .
is eventually stationary. Therefore there is a non-negative integer t0 such that for each
t > t0,
Supp(btH ia(M)) = Supp(b
t0H ia(M)).
Now, let p ∈ Spec(R) with dimR/p ≥ n, and let m be a maximal ideal of R such that
p ⊆ m. Since hbRmaRm(Mm)
n > r, it follows that there exists an integer u > t0 such that
(bRm)
uH iaRm(Mm) is in dimension < n. Hence there is a finitely generated submodule N of
(bRm)
uH iaRm(Mm) such that dimSupp(bRm)
uH iaRm(Mm)/N < n. Since dimRm/pRm ≥ n,
it follows that
((bRm)
uH iaRm(Mm)/N)pRm = 0.
Hence the Rm-module ((bRm)
uH iaRm(Mm))pRm is finitely generated, and so it follows from
((bRm)
uH iaRm(Mm))pRm
∼= (buH ia(M))p
that (buH ia(M))p is a finitely generated Rp-module for all p ∈ Spec(R) with dimR/p ≥ n.
Now, as (buH ia(M))p is aRp-torsion, there is an integer v ≥ 1 such that (b
u+vH ia(M))p = 0,
and so p 6∈ Supp(bt0H ia(M)). Therefore
Supp(bt0H ia(M)) ⊆ {p ∈ Spec(R) | dimR/p < n}.
Consequently, dimSupp(bt0H ia(M)) < n, for all i ≤ r, and hence h
b
a(M)
n > r, as re-
quired. 
The first consequence of Theorem 2.12 is a generalization of the main result of Raghavan
[25].
Corollary 2.13. The local-global principle (for the in dimension < n of local cohomology
modules) holds at level 1 (over any commutative Noetherian ring).
Proof. The assertion follows from Theorem 2.12. 
Corollary 2.14. Let R be a Noetherian ring and let a, b be two ideals of R such that
b ⊆ a. Let M be a finitely generated R-module and let r be a positive integer such that
the local cohomology modules H0a (M), . . . , H
r−1
a (M) are b-cofinite. Then
f
bRp
aRp
(Mp) > r for all p ∈ Spec(R)⇐⇒ f
b
a (M) > r.
Proof. The assertion follows Theorem 2.12 and the fact that hba(M)
0 = f ba (M). 
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Corollary 2.15. The local-global principle (for the annihilation of local cohomology mod-
ules) holds at all levels r ∈ N, over any (commutative Noetherian) ring R with dimR ≤ 2.
Proof. The result follows easily from [10, Corollary 5.2], Theorem 2.12, and the fact that
hba(M)
0 = f ba (M), for any R-module M . 
Corollary 2.16. Let R be a Noetherian ring and let a, b be two ideals of R such that
b ⊆ a. Let M be a finitely generated R-module with dimM ≤ 2 and r a non-negative
integer. Then
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Proof. The result follows easily from [10, Corollary 5.2] and Theorem 2.12. 
Corollary 2.17. Let R be a Noetherian ring, M a finitely generated R-module and b ⊆ a
ideals of R. Let r be a positive integer such that dimSupp(H ia(M)) 6 1 for all i < r.
Then
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
In particular,
f ba (M) = inf{f
bRp
aRp
(Mp) | p ∈ Spec(R)}.
Proof. The assertion follows from [4, Corollary 3.4] and the proof of Theorem 2.12. 
Corollary 2.18. Let R be a Noetherian ring, M a finitely generated R-module and a an
ideal of R with dimM/aM ≤ 1. Let b be a second ideal of R such that b ⊆ a. Then, for
any positive integer r,
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
In particular,
f ba (M) = inf{f
bRp
aRp
(Mp) | p ∈ Spec(R)}.
Proof. The assertion follows from [4, Corollary 3.5] and Theorem 2.12. 
Our next corollary is a generalization of [8, Corollary 2.3].
Corollary 2.19. Let R be a Noetherian ring and let a, b be two ideals of R such that
b ⊆ a. Let M be a finitely generated R-module such that aM 6= M . Then
h
bRp
aRp
(Mp)
n > gradeM a for all p ∈ Spec(R)⇐⇒ h
b
a(M)
n > gradeM a.
In particular,
f
bRp
aRp
(Mp) > gradeM a for all p ∈ Spec(R)⇐⇒ f
b
a (M) > gradeM a.
Proof. The assertion follows from the definition of gradeM a and Theorem 2.12. 
The next result is a generalization of Corollary 2.19
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Corollary 2.20. Let R be a Noetherian ring and let a, b be two ideals of R such that
b ⊆ a. Let M be a finitely generated R-module, and that r ∈ {fa(M), f
1
a (M), f
2
a (M)}.
Then
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Proof. The assertion follows from [4, Theorems 2.3 and 3.2] and Theorem 2.12. 
Before we state the next result recall that for a finitely generated R-module M and for
ideals a, b of R with b ⊆ a, the b-cofiniteness dimension cba(M) of M relative to a (see [5])
is defined by
cba(M) := inf{i ∈ N0 | H
i
a(M) is not b-cofinite}.
Corollary 2.21. Let R be a Noetherian ring and let a, b be two ideals of R such that
b ⊆ a. Let M be a finitely generated R-module, and that r = cba(M). Then
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Proof. The assertion follows from the definition of cba(M) and Theorem 2.12. 
The next corollary gives us a short and easy proof of the main result of [13, Theorem
2.6].
Corollary 2.22. Suppose that R is a Noetherian ring and let a, b be two ideals of R such
that b ⊆ a. Let M be a finitely generated R-module and let r be a positive integer such
that the local cohomology modules H0a (M), . . . , H
r−1
a (M) are a-cofinite. Then
µ
bRp
aRp
(Mp) > r for all p ∈ Spec(R)⇐⇒ µ
b
a(M) > r.
Proof. The result follows from the proofs of Theorems 2.5 and 2.12. 
We are now ready to state and prove the main theorem of this section, which shows
that Faltings’ local-global principle for the in dimension < n of local cohomology modules
is valid at level 2 over any commutative Noetherian R. This generalizes the main result
of Brodmann et al. in [8, Theorem 2.6].
Theorem 2.23. The local-global principle (for the in dimension < n of local cohomology
modules) holds over any (commutative Noetherian) ring R at level 2.
Proof. Let M be a finitely generated R-module and let a, b be two ideals of R such that
b ⊆ a. We must show that
h
bRp
aRp
(Mp)
n > 2 for all p ∈ Spec(R)⇐⇒ hba(M)
n > 2.
To do this, it is enough for us to show that, if h
bRp
aRp
(Mp)
n > 2 for all p ∈ SpecR, then
hba(M)
n > 2. In view of Corollary 2.13, we need to show that there exists a non-negative
integer u such that the R-module buH2a (M) is in dimension < n. Since h
bRp
aRp
(Mp)
n > 2,
analogous to the proof of Theorem 2.12, for each p ∈ Spec(R) with dimR/p ≥ n, there
is tp ∈ N0 such that (b
tpH ia(M))p = 0, i = 1, 2. Furthermore, there exists a non-negative
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integer s such that bsH ia(Γb(M)) = 0 for all i ≥ 0. Now, let M¯ = M/Γb(M). Then from
the short exact sequence
0 −→ Γb(M) −→M −→ M¯ −→ 0,
we obtain the long exact sequence
(H1a (M))p −→ (H
1
a (M¯))p −→ (H
2
a (Γb(M)))p −→ (H
2
a (M))p −→ (H
2
a (M¯))p. (†)
Hence, it follows from [9, Lemma 9.1.1] that (bRp)
kpH1aRp(M¯p) = 0, for some integer
kp ∈ N0. Moreover, by [9, Lemma 2.1.1], there exists x ∈ b which is a non-zerodivisor on
M¯ . Then xkpH1aRp(M¯p) = 0. Now, the short exact sequence
0 −→ M¯p
xkp
−→ M¯p −→ M¯p/x
kpM¯p −→ 0,
induces the exact sequence
H0aRp(M¯p/x
kpM¯p) −→ H
1
aRp
(M¯p)
xkp
−→ H1aRp(M¯p).
Hence the Rp-module H
1
aRp
(M¯p) is a homomorphic image of H
0
aRp
(M¯p/x
kpM¯p), and so
it is a finitely generated Rp-module, for all p ∈ Spec(R) with dimR/p ≥ n. It there-
fore follows from [18, Theorem 2.2] that H1a (M¯) is in dimension < n. Therefore in
view of [3, Theorem 2.2], the R-module HomR(R/a, H
2
a (M¯)) is also in dimension < n,
and so by [21, Lemma 2.6] the set (AssR HomR(R/a, H
2
a (M¯)))≥n is finite and conse-
quently the set (AssRH
2
a (M¯)))≥n is finite, and so for every non-negative integer t, the
set (AssR b
tH2a (M¯)))≥n is also finite. Thus for all t ∈ N0, the set (Supp b
tH2a (M¯))≥n is a
closed subset of Spec(R) (in the Zariski topology), and so the descending chain
· · · ⊇ (Supp btH2a (M¯))≥n ⊇ (Supp b
t+1H2a (M¯))≥n ⊇ . . .
is eventually stationary. Therefore there is a non-negative integer t0 such that for each
t > t0,
(Supp btH2a (M¯))≥n = (Supp b
t0H2a (M¯))≥n.
Now, as (btpH2a (M))p = 0, it follows from the exact sequence (†) and [9, Lemma 9.1.1]
that there is a non-negative integer vp ≥ t0 such that
(bvpH2a (M¯))p = 0.
Hence (bt0H2a (M¯))p = 0 for all p ∈ Spec(R) with dimR/p ≥ n, and so
Supp bt0H2a (M¯) ⊆ {p ∈ Spec(R) | dimR/p < n}.
Now, let u := s + t0. Then, it easily follows from the exact sequence (†) and [9, Lemma
9.1.1] that
Supp(buH2a (M)) ⊆ Supp(b
t0H2a (M¯)).
Consequently, Supp buH2a (M) ⊆ {p ∈ Spec(R) | dimR/p < n}, and so b
uH2a (M) is in
dimension < n, as required. 
Corollary 2.24. The local-global principle (for the in dimension < n of local cohomology
modules) holds over any (commutative Noetherian) ring R with dimR ≤ 3.
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Proof. The assertion follows from Corollary 2.13, Theorem 2.23 and [9, Exercise 7.1.7]. 
As a consequence of Theorem 2.23, the following corollary shows that the local-global
principle for the annihilation of local cohomology modules holds at level 2 over R and at
all levels whenever dimR ≤ 3. These reprove the main results of Brodmann et al. in [8].
Corollary 2.25. The local-global principle (for the annihilation of local cohomology mod-
ules) holds over any (commutative Noetherian) ring R at level 2.
Proof. The assertion follows from Theorem 2.23 and the fact that hba(M)
0 = f ba (M),
where b ⊆ a are ideals of R and M a finitely generated R-module. 
Corollary 2.26. The local-global principle (for the annihilation of local cohomology mod-
ules) holds over any (commutative Noetherian) ring R with dimR ≤ 3.
Proof. The assertion follows from Corollary 2.24 and the fact that hba(M)
0 = f ba (M),
where b ⊆ a are ideals of R and M a finitely generated R-module. 
3. Local-global principle and associated primes of local cohomology modules
It will be shown in this section that the Faltings’ local-global principle, for the in
dimension < n of local cohomology modules, holds at all levels r ∈ N whenever the ring
R is a homomorphic image of a Noetherian Gorenstein ring. This generalizes the main
result of Raghavan [25].
Also, as a generalization of the main results of Brodmann-Lashgari and Quy, we prove
a finiteness result about associated primes of local cohomology modules. The main results
are Theorems 3.1 and 3.6.
Theorem 3.1. Suppose that R is a Noetherian ring which is a homomorphic image of
a Gorenstein ring. Then the local-global principle (for the in dimension < n of local
cohomology modules) holds at all levels r ∈ N.
Proof. Let M be a finitely generated R-module and let a, b be two ideals of R such that
b ⊆ a, and that h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R). We must show that hba(M)
n > r.
To this end, let p ∈ Spec(R) with dimR/p ≥ n. There exists a maximal ideal m of
R such that dimR/p = dimRm/pRm ≥ n. Moreover, in view of hypothesis for all non-
negative integer i with i ≤ r there exists a non-negative integer t such that the Rm-module
(bRm)
tH iaRm(Mm) is in dimension < n. Hence there is a finitely generated submodule N
of (bRm)
tH iaRm(Mm) such that dimSupp(bRm)
tH iaRm(Mm)/N < n, and so it follows from
dimRm/pRm ≥ n that
((bRm)
tH iaRm(Mm)/N)pRm = 0.
Consequently, the Rp-module
((bRm)
tH iaRm(Mm))pRm
∼= (btH ia(M))p
is finitely generated for all p ∈ Spec(R) with dimR/p ≥ n. Since the Rp-module
(btH ia(M))p is aRp-torsion, it follows that there exists an integer v ≥ 1 such that
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(aRp)
v(btH ia(M))p = 0, and thus (b
t+vH ia(M))p = 0. Therefore for all i ≤ r and
p ∈ Spec(R) with dimR/p ≥ n, there exists an integer tp such that (b
tpH ia(M))p = 0.
Hence, for every p ∈ Spec(R) with dimR/p ≥ n, we have f
bRp
aRp
(Mp) > r. Thus, in view
of [9, Theorem 9.3.7], we have λ
bRp
aRp
(Mp) > r for all p ∈ Spec(R) with dimR/p ≥ n.
Consequently λba(M)n > r, and so in view of [12, Theorem 2.14], f
b
a (M)n > r. Now, it
follows from [1, Theorem 3.10] that hba(M)
n > r, as required. 
Theorem 3.2. Assume that R is a Noetherian ring and let M be a finitely generated R-
module. Suppose that a, b are two ideals of R such that b ⊆ a, and let n be a non-negative
integer. Then
hba(M)
n ≥ depth(b,M)⇐⇒ hna (M) ≥ depth(b,M).
Proof. Since hna (M) ≤ h
b
a(M)
n, it is enough for us to show that if hba(M)
n ≥ depth(b,M),
then hna (M) ≥ depth(b,M). To do this, let depth(b,M) = s and we use induction on
s. For s = 0 there is nothing to show. So assume that s > 0 and the result has been
proved for s− 1. Since depth(b,M) > 0, it follows that b contains an element x which is
a non-zerodiviser on M . Moreover, as hba(M)
n ≥ s, there is an integer t0 such that, for all
i < s, the R-module bt0H ia(M) is in dimension < n. Hence in view of [1, Proposition 3.9]
there exists an integer t such that, for all i < s, dim Supp(btH ia(M)) < n. In addition,
the exact sequence
0 −→ M
xt
−→M −→M/xtM −→ 0,
induces the long exact sequence
Hs−2a (M)
xt
−→ Hs−2a (M) −→ H
s−2
a (M/x
tM) −→ Hs−1a (M)
xt
−→ Hs−1a (M).
Now, it follows from [12, Lemma 2.9] that there exists an integer l such that for all
i < s− 1,
dimSupp(blH ia(M/x
tM)) < n.
Therefore, using [1, Proposition 3.9] we see that there exists an integer v such that the R-
module bvH ia(M/x
tM) is in dimension < n for all i < s−1, and thus hba(M/x
tM)n ≥ s−1.
Consequently in view of the inductive hypothesis hna (M/x
tM) ≥ s − 1, and so the R-
module Hs−2a (M/x
tM) is in dimension < n. Therefore, it follows from [21, Proposition
2.12] and the exact sequence
0 −→ Hs−2a (M)/x
tHs−2a (M) −→ H
s−2
a (M/x
tM) −→ (0 :Hs−1a (M) x
t) −→ 0,
that the R-module (0 :Hs−1a (M) x
t) is in dimension < n. Now, let p ∈ Spec(R) with
dimR/p ≥ n. Then the R-module (0 :(Hs−1a (M))p x
t) is finitely generated. On the
other hand, as dim Supp(btHs−1a (M)) < n, we obtain that (b
tHs−1a (M)p = 0, and so
xt(Hs−1a (M))p = 0. Therefore the Rp-module
(Hs−1a (M))p = (0 :(Hs−1a (M))p x
t)
is finitely generated for all p ∈ Spec(R) with dimR/p ≥ n. Consequently, fna (M) ≥ s,
and so in view of [21, Theorem 2.10], hna (M) ≥ s, as required. 
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Theorem 3.3. Let R be a Noetherian ring, M a finitely generated R-module, a an ideal
of R and r a positive integer such that the R-modules atH0a (M),. . . ,a
tHr−1a (M) are in
dimension < 2 for some t ∈ N0. Then the R-module HomR(R/a, H
r
a(M)) is finitely
generated and the R-modules H0a (M),. . . , H
r−1
a (M) are a-cofinite. In particular the set
AssRH
r
a (M) is finite.
Proof. Since the R-modules atH0a (M),. . . ,a
tHr−1a (M) are in dimension < 2, it follows that
there exist finitely generated submodules Li of a
tH ia(M) such that for all i = 0, 1, . . . , r−1,
dimSupp(atH ia(M)/Li) < 2. Therefore, for each p ∈ Spec(R) with dimR/p ≥ 2, we have
(aRp)
tH iaRp(Mp)
∼= (atH ia(M))p
∼= (Li)p.
Hence the Rp-module (aRp)
tH iaRp(Mp) is finitely generated, for all i = 0, 1, . . . , r − 1.
Now, as (aRp)
tH iaRp(Mp) is aRp-torsion, so there exists a non-negative integer s such
that (aRp)
t+sH iaRp(Mp) = 0. Therefore, in view of [9, Proposition 9.1.2], the Rp-module
H iaRp(Mp) is finitely generated for every p ∈ Spec(R) with dimR/p ≥ 2 and for all
i = 0, 1, . . . , r− 1. It therefore follows from [4, Proposition 3.1] that HomR(R/a, H
r
a (M))
is finitely generated and the R-modules H0a (M),. . . , H
r−1
a (M) are a-cofinite. 
Corollary 3.4. Let R be a Noetherian ring, M a finitely generated R-module, a an
ideal of R and r a positive integer such that the R-modules H0a (M),. . . , H
r−1
a (M) are
in dimension < 2. Then the R-module HomR(R/a, H
r
a (M)) is finitely generated and the
R-modules H0a (M),. . . , H
r−1
a (M) are a-cofinite.
Proof. The assertion follows from Theorem 3.3 and [21, Proposition 2.12]. 
Corollary 3.5. Let R be a Noetherian ring, M a finitely generated R-module, a an ideal
of R and r a positive integer such that the R-modules atH0a (M),. . . , a
tHr−1a (M) have
finite support, for some t ∈ N0. Then for any ideal b of R with b ⊆ a,
h
bRp
aRp
(Mp)
n > r for all p ∈ Spec(R)⇐⇒ hba(M)
n > r.
Proof. Since the set Supp(atH ia(M)) is finite, for all i < r, it follows that the R-module
atH ia(M) is in dimension < 2 for all i < r. Now the assertion follows from Theorems 3.3
and 2.12. 
The following theorem, which is the second our main result in this section, generalizes
the main results of Brodmann-Lashgari [7] and Quy [24].
Theorem 3.6. Let R be a Noetherian ring, M a finitely generated R-module, and a an
ideal of R. Let r be a non-negative integer such that atH iI(M) is in dimension < 2 for all
i < r and for some t ∈ N0. Then, for any minimax submodule N of H
r
a (M), the R-module
HomR(R/a, H
r
a (M)/N) is finitely generated. In particular, the set AssR(H
r
a (M)/N) is
finite.
Proof. In view of Theorem 3.3, the R-module HomR(R/a, H
r
a(M)) is finitely generated
and so the R-module 0 :N a is also finitely generated . Hence according to Melkersson’s
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result [23, Proposition 4.3], N is a-cofinite, (note that N is minimax). Moreover, the
short exact sequence
0 −→ N −→ Hra (M) −→ H
r
a (M)/N −→ 0
induces the following exact sequence,
HomR(R/a, H
r
a (M)) −→ HomR(R/a, H
r
a(M)/N) −→ Ext
1
R(R/a, N).
Now, as the R-modules HomR(R/a, H
r
a (M)) and Ext
1
R(R/a, N) are finitely generated,
it follows that the R-module HomR(R/a, H
r
a (M)/N) is also finitely generated, as re-
quired. 
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